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Abstract 

The formulae for m-order correlators Km of a given particle observable (e.g. energy 
or transverse momentum) accounting for the track reconstruction efficiency are 
presented. The calculation of the second- and third-order correlators is considered 
in some detail. Similar to the case of an ideal detector, the correlators can be 
expressed through the event-by-event fluctuation measures of the observable single 
event mean and the pseudo-central moments of the observable distribution. Howe- 
ver, compared with the ideal case, this splitting allows for a lesser reduction of 
the computation time due to the increased number of pseudo-correlators and 
additional calculations of the moments of the distribution of the track weights. 
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1 Introduction 



The investigation of correlations is very important for hadron physics [H [21 [3] . The 
integral correlation characteristics — the correlators of particle energies, transverse 
momenta or rapidities — have been suggested [Jl |5] to study the production 
mechanism of very high multiplicity (VHM) events. It was shown \6\ that the 
correlators are closely related with the event-by-event fluctuations of the event 
mean particle observables. As a result, in the case of an ideal 100% efficient 
detector, a fast and simple procedure to calculate the correlators with the help 
of the fluctuation measures and so called event-wise pseudo-correlators has been 
suggested ^Gj, exploiting the expressions of pseudo-correlators through the central 
moments of the observable distribution [?]• The correction terms generated in 
the correlator analysis due to multiplicity dependent observable mean have been 
investigated in [5]. The two-particle transverse momentum correlators have been 
used as a correlation measure and studied as a function of event centrality in 
Au + Au collisions at RHIC |_9]; doing this the track reconstruction efficiencies 
were neglected. In this paper, we formulate the calculation procedure in the case 
of a finite detector efficiency. 



2 Particle correlators 

For an ideal detector, the m-th order correlator in the events with a given charged 
hadron multiplicity n is defined as 

/ , n-{m-l) n \ 

•^-•'M = {jr E ■■■ E <...a4'.!). (1) 

Ae^ = e^-{e). (2) 
Here c!i = — n-^ — is the normalization factor equal to the number of combinati- 

"i in\{n—m)\ ^ 

ons, ef^ is the observable (e.g., energy or momentum) of the i\-tli charged hadron 
(ii < . . . < im) in the l-th. event, n is the charged hadron multiplicity in an event. 
The observable mean 

{e) = (^(')), (3) 
where e« is the observable average in the l-th event: 



i=l 

and 

/\ = 

N{n) 



N{n) 

1=1 
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stands for the averaging over the N{n) events with the charged hadron multiphcity 
n. Note that the correlator formula ([T|), when formally applied to one particle, 
yields Ki (n) = according to definition of the observable means in ([3|) and @ . 
Defining 

Ae(0=e(0_(e)^ (6) 
A?<') = ef-e« (7) 

and using the equality Aef^ = Aef^ + Ae^), one can decompose the correlator 
on the event-by-event fluctuations of the event mean observable Ae'-'^ event-wise 
pseudo-correlators k^^\n) and the corresponding cross terms |6]: 

Kmin) = (f;crA^«— A^(0(^A ^ (8) 
\a=o / 

where k^ ^ = 1. The event-wise pseudo-correlators are defined similar to ([1]) up to 
the substitution Aef-* — > Ae^'-*: 

n-(m-l) n 

kmn) = j, E ••• E <...A?<2. (9) 

Similar to the correlator, the first order pseudo-correlator also vanishes by definiti- 
on: k^^ = 0. It is remarkable that the pseudo-correlators can be expressed through 
the central moments of the observable distribution [Ul, T] . 

In the case of a non-ideal detector, one has to account for the track reconstructi- 
on efficiencies 

-f^ = \ ' (10) 
I 

where lof^ is the track reconstruction efficiency depending on pseudorapidity and 
•pT of i-th track in /-th event, and ff^ is a function correcting for fake, secondary 
and out of kinematic region tracks. The efficiency corrected average observable in 
the /-th event is 



e(0 = ^^j"^ g ■ (11) 



En 



For the efficiency corrected m-particle correlator, we have 

^™(") = \ ^«~(rn-l) W W / • (12) 
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The decomposition similar to ([8]) now takes the form 



where k^'"^^ = 1. Note that now the pseudo-correlators k^^'"^^ depend also on the 
correlator order m: 



n-(m-l) yn (l) ^(1) ^^l) ^^0 



ji=l ■ ■ ■ Z-^ir 



Obviously, such a pseudo-correlator coincides with the true one for X = m only: 
km^^ = k^x ■ Again, Ki = = by definition. Note, however, that the pseudo- 
correlators k^'"^^ don't vanish for m > 1. 

Particularly, the second-order correlator can be decomposed as 

K2{n) = <|AeW2 + 2Ae«A;p^(n) + • (15) 

Here the first term (^Ae^'^^) is a quadratic measure of the fiuctuation of the 
observable event-wise mean around the sample mean. The second term is a cross 
term which vanishes in the ideal case of unit reconstruction weights wf^ since 

the first-order event-wise pseudo-correlator for ideal detector kf^ vanishes by 
definition. Similarly, the three-particle correlator is decomposed into four terms: 

K^{n) = (Ae(')3 + 3Ae(')2fcp)(^) + ^/^e'^^) kf^\n) + kf^\n)) . (16) 



Here the first term ^Ae^')^) is a cubic measure of the fluctuation of the observable 
event-wise mean around the sample mean. The second and third terms are cross 
terms, the first of them vanishing in the case of an ideal detector due to vanishing 
of the first-order event- wise pseudo-correlator k^^ . 



3 Event-wise pseudo-correlators and central 
moments 

We will describe in some detail the calculation of the second- and third-order 
pseudo-correlators. In the case of an ideal detector, one may use the identity 

n 

Y.^=^ (17) 

i=l 
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and its powers to express the event-wise pseudo-correlators km (n) through the 
central moments X < m, of the single-particle observable distribution, 

n 

5?(n) = lj:A?<')\ (18) 

i=l 

Thus, for the second- and third-order pseudo-correlator we have [6, 7j: 

k^2\n) = -^-s!i\ (19) 

(n) = • 5^ . (20) 

3 ^ ^ (n- l)(n-2) 3 ^ ^ 

Using the identity 

E E = E-f - -1'/^^ 1 ' (21) 

i=l j = l,^i i=l \j=l 

where fij is arbitrary function. After generalizing identity (fT7|) and its second 
power for the case of a non-ideal detector: 



E-?^^f =0' (22) 



f:(^,«A.i'))^ + ±± niPnl^^^ = (23) 

1 = 1 1 = 1 J=l,:7^j 

and substituting the sums over the ordered m-plets {zi < . . . < in the pseudo- 
correlator definitions by the sums over the m-plets {^i ^ ... ^ i^}, one gets 
for the first- and second-order pseudo-correlator contributing to the second-order 
correlator: 

fcp)(n) = - ^ (24) 

s-^n (1)2 .-{1)2 

4"'(n)..|"W = - ^-^;- (25) 

where 



,(/)A 



n . 

4 = 1 



1 " 

^E-P- (26) 
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Formula (|25p shows that the pseudo-correlator k!^^ is negatively defined and 
doesn't explicitly depend on correlations of the observables of different particles. 
Note that it can be rewritten as: 

where is the event-wise second pseudo-central moment: 

(02 A -(02 

^('•^)(n)= ^-^"- tf- ■ (28) 

We use the prefix "pseudo" because of the quadratic weights in (p8|) for S!^^^''^^ 
contrary to the linear weights in the true efficiency corrected A-th central moment: 



g^'^(n) = ^-=^J ■ (29) 



En (I 
i=l 

Generally, the A-order pseudo-correlators contributing to m-order correlator (A < 
m) can be expressed through the A-th pseudo-central moments calculated with 
the powers < m of the weights: 

En ( 
i=l 



S'r\n) = ^^^^^^^^, (30) 



where ^ is degree of corrected function. Of course, s'^^'^^ = Sx in case of an ideal 
detector. 

Thus, the first-order pseudo-correlator in ([21]) can be rewritten as: 

—d) c<'(';2) 

^^^'^1 (31) 

As for the pseudo-correlators contributing to the the third-order correlator, 
using in addition the identity 

t t t ^f'^f^fkk=t^f'^ (32) 

1=1 j=l,^i k=l,^ij i=l 
^ (I) I ^ (I) (I) (I) \ (I) I (I) (I) 

and the third power of identity (|22|) : 

tiyj?^4'^? + ^t t w?A^'\wf^A^Py (33) 

1=1 i=l j = l,j^i 

1=1 j=l,j^t k=l,j^t,j 
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one gets the third-order pseudo-correlator: 

^„ {1)2 ( —a) 
kf^\n) = -2^— ^ _ ^ (34) 



sr^n {1)2 / _(;) „ {l)\ A~(/)2 

1^2 \n) = — — ^ — _ ^ , (35) 

n ( n^IijC)^ — 3nI(;(')i/;(')2 + 2w^^'>^ 



s-^n {1)3 .~{l)3 

4''^)(n) ^ kl\n) = 2 _ ^-=^^_^ ^ (36) 



Obviously, the pseudo-correlators in the equations ()34p . p5|) and (|36p can be 
expressed through the pseudo-central moment as 



A;p)(n) = -2 ^ ' ' (37) 

^2:yj(03 _ 3ni(;(0y;{02 + 2t(;(')3 

u;WfW05;('^^)-25;('^^)^ 
fcp)(n) = ^ = (38) 

4')(n) = 2 ^^^^3 (39) 

„2^(03 _ 3^^^(0if;(/)2 + 2ti;W3 

The generalization of the expressions for the efficiency corrected second- and 
third-order pseudo-correlators to any order is straightforward. 



4 Conclusions 

The formulae for the m-order correlators of a given particle observable (e.g. 
energy, transverse momentum or rapidity) accounting for the track reconstruction 
efficiency are presented with some calculation details for the case of m = 2 and 3. 
Similar to the case of an ideal detector, the correlators can be expressed through 
the event-by-event fluctuation measures of the observable single event mean and 
the pseudo-central moments of the observable distribution. The number of the 
terms to be calculated is however higher due to the increased number of pseudo- 
correlators and, in addition, the moments of the distribution of the track weights. 
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